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❚❤❡② ❛r❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛r❛♠❡t❡r γ✳ ❲❤❡♥ γ = 0✱
✇❡ r❡❝♦✈❡r t❤❡ ❝♦♥❞✐t✐♦♥











u = 0 ♦♥ Σ.










❍❡♥❝❡ t❤❡ ♥❡✇ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✈❛r✐❛t✐♦♥❛❧② ✐❢ ✐t r❡❛❞s ❛s ∂nu = Bu
♦♥ Σ ✇❤❡r❡ B ✐s ❛ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✳ ■❢ B ✐s ❞✐✛❡r❡♥t✐❛❧✱ t❤❡ s♣❛rs✐t② ♦❢ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♠❛tr✐❝❡s ✐s ♣r❡s❡r✈❡❞✳ ◆♦✇✱ ✐♥❝❧✉❞✐♥❣ ✭✶✳✶✮ ❞✐r❡❝t❧②✱ B ✐s ♣s❡✉❞♦✲
❞✐✛❡r❡♥t✐❛❧✳ ❍❡♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❣❡♥❡r❛t❡s ❛ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤❛t
✐s ✇❤② ✇❡ ♣r♦♣♦s❡ t♦ ❞❡✜♥❡ ❛♥ ❛✉①✐❧✐❛r② ✉♥❦♥♦✇♥ t♦ ♦❜t❛✐♥ ❛♥ ❆❇❈ ❡❛s✐❡r t♦


















ψ = ∂tu ♦♥ Σ.




ψ = 0 ♦♥ Σ,
✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❝❧✉❞❡❞ ✐♥t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✹
✷ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s
































∂2t u−△u = 0 ✐♥ Ω × (0,+∞) ;
u(0, x) = u0(x), ∂tu(0, x) = u1(x) ✐♥ Ω;
ψ(0, x) = ψ0(x) ♦♥ Σ;











ψ = ∂tu ♦♥ Σ × (0,+∞) .
✭✷✳✶✮
❚❤❡ ❢✉♥❝t✐♦♥ κ ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ Σ ❛♥❞ γ ✐s ❛ r❡❣✉❧❛r ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ♦♥ Σ✳
❚❤❡ ❞♦♠❛✐♥ Ω ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❛♥❞ ✐ts ❜♦✉♥❞❛r② ∂Ω = Γ ∪ Σ ✐s ❛ss✉♠❡❞
t♦ ❜❡ r❡❣✉❧❛r✱ ✇✐t❤ Γ ∩ Σ = ∅ ✭s❡❡ ❋✐❣ ✶✮✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r ❢✉♥❝t✐♦♥ γ ❝❤❡❝❦s t❤❡ ❢♦❧✲





,∀x ∈ Σ. ✭✷✳✷✮
❲❡ ♣r♦♣♦s❡ t♦ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❜② ✉s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❍✐❧❧❡✲❨♦s✐❞❛✳ ❲❡
✜rst tr❛♥s❢♦r♠ ✭✷✳✶✮ ✐♥ ❛ ✜rst ♦r❞❡r s②st❡♠ ✐♥ t✐♠❡✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r②
✉♥❦♥♦✇♥ v ❞❡✜♥❡❞ ❜② v = ∂tu✳ ❚❤❡ ✈❡❝t♦r U = (u, v, ψ) ✐s t❤✉s s♦❧✉t✐♦♥ t♦
dU
dt













✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s





ψ = 0 ♦♥ Σ × (0,+∞) . ✭✷✳✺✮
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✺
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✸✮ ❛♥❞ ✇❡ ✇✐❧❧ ✐♥t❡r❡st
♦✉rs❡❧✈❡s ♦♥ ✐ts s♦❧✉t✐♦♥ ✐♥ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡s✳
▲❡t ✉s ✜rst ✐♥tr♦❞✉❝❡ H ❛s t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❞❡✜♥❡❞ ❜②
H = H1Γ(Ω) × L2(Ω) × L2(Σ)
✇❤❡r❡
H1Γ(Ω) = {h1 ∈ H1 (Ω) , h1 = 0 ♦♥ Γ}.
❲❡ ❡q✉✐♣ H ✇✐t❤ t❤❡ ❍✐❧❜❡rt✐❛♥ ❣r❛♣❤ ♥♦r♠
‖ (h1, h2, h3) ‖H =
(
‖h1‖2L2(Ω) + ‖∇h1‖2L2(Ω) + ‖h2‖2L2(Ω) + ‖h3‖2L2(Σ)
)1/2
.
▲❡t V ❜❡ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ ❞❡✜♥❡❞ ❜②
V = {(v1, v2, ϕ) ∈ H,A(v1, v2, ϕ) ∈ H, ∂nv1 + v2 +
κ
2
ϕ = 0 ♦♥ Σ}.
❚❤❡ s♣❛❝❡ V ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ A✳ ❇② ❡♥❢♦r❝✐♥❣ A(v1, v2, ϕ) ∈ H✱
✇❡ ✐♠♣r♦✈❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✉♥❦♥♦✇♥✳ ■♥❞❡❡❞✱ ✇❡ t❤❡♥
❤❛✈❡ v2 ∈ H1Γ(Ω) ❛♥❞ △v1 ∈ L2(Ω)✳ ❚❤❡♥ v2 ∈ H1Γ(Ω) ✐♠♣❧✐❡s t❤❛t v2|Σ ✐s
❞❡✜♥❡❞ ✐♥ H1/2(Σ) ❛♥❞ △v1 ∈ L2(Ω) ✐♠♣❧✐❡s t❤❛t ∂nv1|Σ ∈ H−1/2(Σ)✱ ❦♥♦✇✐♥❣
t❤❛t v1 ∈ H1(Ω)✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡❧❛t✐♦♥ ∂nv1 + v2 + κ2ϕ = 0 ♦♥ Σ ✐♠♣r♦✈❡s t❤❡
r❡❣✉❧❛r✐t② ♦❢ ∂nv1|Σ s✐♥❝❡ v2 +
κ
2ϕ ∈ L2(Σ)✳ ❍❡♥❝❡✱ ❛s ❛ rés✉♠é✱ ✇❡ ❤❛✈❡
V = {(v1, v2, ϕ) ∈ H, △v1 ∈ L2(Ω), v2 ∈ H1Γ(Ω), ∂nv1|Σ ∈ L2(Σ),
∂nv1 + v2 +
κ
2
ϕ = 0 ♦♥ Σ}.
❋✐rst ♦❢ ❛❧❧ ✇❡ r❡❝❛❧❧ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✇❡ ✇✐❧❧ ✉s❡✿ ❢♦r ❛❧❧ (u, v) ∈ H1(Ω)×H1(Ω)
s✉❝❤ t❤❛t △u ∈ L2(Ω)✱ ✇❡ ❤❛✈❡
∫
Ω
△uv dx = −
∫
Ω
∇u · ∇v dx+ < ∂nu, v >H−1/2(∂Ω),H1/2(∂Ω) . ✭✷✳✻✮
▲❡♠♠❛ ✷✳✶✳ ▲❡t κ ❜❡ ❣✐✈❡♥ ✐♥ L∞(Σ) ❛♥❞ s✉❝❤ t❤❛t min
x∈Σ
κ(x) = κ0 > 0✳ ❚❤❡♥✱











✐s ❛ ♥♦r♠ ♦♥ H ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖h‖H ✳
Pr♦♦❢✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ‖∇ · ‖L2(Ω) ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ H1Γ(Ω) ✇❤✐❝❤ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ st❛♥❞❛r❞ ♥♦♠ ✐♥ H1(Ω)✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ P♦✐♥❝❛ré
✐♥❡q✉❛❧✐t②✳ ❍❡♥❝❡✱ s✐♥❝❡ t❤❡ ❝✉r✈❛t✉r❡ κ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✐♥ L∞(Σ) ✇✐t❤
min
x∈Σ
|κ(x)| > 0✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t ‖| · ‖| ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ H ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦r♠ ‖ · ‖H ✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② ( , ) t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♥♦r♠
‖| ‖|✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✻
▲❡♠♠❛ ✷✳✷✳ ▲❡t κ ❛♥❞ γ ❜❡ ❣✐✈❡♥ s✉❝❤ t❤❛t ✭✷✳✷✮ ✐s ❝❤❡❝❦❡❞✳ ❚❤❡♥✱ ❢♦r ❛❧❧
v ∈ V ✱ ✇❡ ❤❛✈❡
(Av, v) ≤ 0.



































∇v2 · ∇v1 dx −
∫
Ω



















▼♦r❡♦✈❡r✱ ✐♥ V ✱ ✇❡ ❤❛✈❡ v1|Γ = v2|Γ = 0 ❛♥❞ ♦♥ Σ✱ ∂nv1 = −v2 −
κ
2ϕ. ❍❡♥❝❡✱




























≤ 0 ♦♥ Σ✱ ✇❡ ❣❡t t❤❛t ❢♦r ❛❧❧ v ✐♥ V












|ϕ|2 dσ ≤ 0,
✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳
▲❡♠♠❛ ✷✳✸✳ ❚❤❡ ♦♣❡r❛t♦r A✱ ✇✐t❤ ❞♦♠❛✐♥ V ✱ ✐s ♠❛①✐♠❛❧✳
Pr♦♦❢✳ ●✐✈❡♥ f = (f1, f2, f3) ✐♥ H✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ♣r♦❜❧❡♠✿
✜♥❞ v ∈ V s✉❝❤ t❤❛t (A− I) v = f ✳
























v2 − v1 = f1 ✐♥ Ω;




4 − γ − 1
)
ϕ = f3 ♦♥ Σ;
v1 = 0 ♦♥ Γ;
∂nv1 + v2 +
κ
2ϕ = 0 ♦♥ Σ.
✭✷✳✼✮
❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✷✳✼✮ ❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ V ✳ ❚❤❡♥✱ ❜②
r❡♠♦✈✐♥❣ v2 t❤❛♥❦s t♦ t❤❡ ❡q✉❛t✐♦♥
v2 = f1 + v1 ✐♥ Ω,
❛♥❞ ϕ t❤❛♥❦s t♦ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥
ϕ =
f3 − f1 − v1
κ
4 − γ − 1
. ✭✷✳✽✮
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✼










−△ v1 + v1 = f̃ ✐♥ Ω;
v1 = 0 ♦♥ Γ;
∂nv1 + αv1 = g̃ ♦♥ Σ.
✭✷✳✾✮
✇✐t❤






















1 + γ − κ4
) > 0.






















, φ|Γ = 0}


















































































■t ✐s ♦❜✈✐♦✉s t❤❛t a(·, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ H1Γ(Ω) ×H1Γ(Ω) ❛♥❞ H1Γ(Ω)✲❝♦❡r❝✐✈❡✱
s✐♥❝❡ a(v1, φ) ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ♥♦r♠









❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✽
❙✐♥❝❡ t❤❡ ♣❛✐r (f̃ , g̃) ❜❡❧♦♥❣s t♦ L2(Ω) × L2(Σ)✱ l(·) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H1Γ(Ω)✳




✐s ❞❡♥s❡ ✐♥ H1Γ(Ω)✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✭✷✳✶✵✮
❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ H1Γ(Ω)✿
∀φ ∈ H1Γ(Ω), a(v1, φ) = l(φ)
❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✱ t❤❡ ♣r♦❜❧❡♠
∀φ ∈ H1Γ(Ω), a(v1, φ) = l(φ)
❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v1 ✐♥ H1Γ(Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱










❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t
∀φ ∈ D(Ω), < v1 −△v1 − f̃ , φ >= 0,
✇❤✐❝❤ ♠❡❛♥s t❤❛t
v1 −△v1 = f̃ ✐♥ D′(Ω).
❚❤✐s ✐❞❡♥t✐t② ❛❧❧♦✇s ✉s t♦ ❣✐✈❡ ❛ s❡♥s❡ t♦ △v1 ✐♥ L2(Ω)✳ ❚❤❡r❡❢♦r❡✱ ∂nv1|∂Ω ∈




























































1 + γ − κ4
)
)
v1 − g̃, φ >H−1/2(Σ),H1/2(Σ)= 0,







1 + γ − κ4
)
)
v1 = g̃ ♦♥ Σ.
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ v1 s♦❧✉t✐♦♥ t♦ ✭✷✳✾✮ ✐s t❤✉s ♣r♦✈❡❞✳
❙✐♥❝❡ v1 ❛♥❞ f1 ❛r❡ ✐♥ H1(Ω)✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ v2 = f1 + v1 ✐♥
H1(Ω)✳ ▼♦r❡♦✈❡r s✐♥❝❡ v2|Σ ❛♥❞ f3 ❛r❡ ✐♥ L
2(Σ)✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■ ✾
ϕ =
f3 − f1 − v1
κ
4 − γ − 1
✐♥ L2(Σ)✳
❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t ❛❝t✉❛❧❧② (v1, v2, ϕ) ∈ V ✱ ✇❤✐❝❤ ✐s
♦❜✈✐♦✉s ❢r♦♠
v2 = f1 + v1 ✐♥ Ω
αϕ = f3 − v2 ♦♥ Σ
❛♥❞ f1 ∈ H1Γ(Ω)✱ f3 ∈ L2(Σ)✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥✱
❚❤❡♦r❡♠ ✷✳✹✳ ▲❡t (u0, u1, ϕ0) ✐♥ V ✳ ❚❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉✲
t✐♦♥ u s✉❝❤ t❤❛t
(u, ∂tu, ϕ) ∈ C1([0,+∞[;V ) ∩ C0([0,+∞[;H). ✭✷✳✶✶✮
Pr♦♦❢✳ ❚❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s s❤♦✇ t❤❛t t❤❡ ♦♣❡r❛t♦r A ✐s ❛ ♠❛①✐♠❛❧ ❞✐s✲
s✐♣❛t✐✈❡ ♦♣❡r❛t♦r ✐♥ ✐ts ❞♦♠❛✐♥ V ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❍✐❧❧❡✲❨♦s✐❞❛ t❤❡♦r❡♠ ❬✶✷❪
t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❤❛s ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ s♦❧✉t✐♦♥ U = (u, v, ψ) s✉❝❤ t❤❛t
(u, v, ψ) ∈ C1([0,+∞[;V ) ∩ C0([0,+∞[;H). ✭✷✳✶✷✮
A ✐s t❤✉s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ s❡♠✐✲❣r♦✉♣ ♦❢ ❝♦♥tr❛❝t✐♦♥ Z(t) ❛♥❞ ✇❡
❝❛♥ ❞❡✜♥❡ t❤❡ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (u0, u1, ψ0) ✐♥ V
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t
(u, v, ψ) = Z(t)(u0, u1, ψ0) ∈ C1([0,+∞[;V ) ∩ C0([0,+∞[;H) ;
✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳
✸ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r
❚❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✷ ❝❛♥ ❜❡ ❡♥r✐❝❤❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡✜♥❡❞
♦♥ H ❜②
















■❢ κ(x) > 0 ❢♦r ❛❧❧ x ∈ Σ✱ E ❞❡✜♥❡s ❛♥ ❡♥❡r❣② ♦♥ H ❛♥❞ E1/2 ✐s ♦❜✈✐♦✉s❧② ❛ ♥♦r♠
✐♥ H ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖ ‖✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✶✳ ❚❤❡♥✱ E(u, ∂tu, ψ)
❞❡✜♥❡s ❛♥ ❡♥❡r❣② ♦♥ H✳
▼♦r❡♦✈❡r✱
▲❡♠♠❛ ✸✳✶✳ ❋♦r ❛❧❧ (u0, u1, ψ0) ∈ V, t 7−→ E(u, ∂tu, ψ) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐s






❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✵
Pr♦♦❢✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s (u0, u1, ψ0)
❛r❡ ✐♥ V ✱ E(u, ∂tu, ψ) ∈ C1([0,+∞[)✳ ▼♦r❡♦✈❡r✱
d
dt
E(u, ∂tu, ψ) =
∫
Ω











❯s✐♥❣ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✷✳✻✮ ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ∂2t u = △u ✐♥ Ω✱ ✇❡ ♦❜t❛✐♥
d
dt






















































E(u, ∂tu, ψ) ≤ 0,
❛♥❞ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ψ0 = 0 ♦♥ Σ✳ ❚❤✐s ✐s ❛ ♥❡❝❡ss❛r②


















∂2t u−△u = 0 ✐♥ Ω × (0,+∞) ;
u(0, x) = u0(x), ∂tu(0, x) = u1(x) ✐♥ Ω;
u = 0 ♦r ∂nu = 0 ♦♥ Γ × (0,+∞) ;










∂tu ♦♥ Σ × (0,+∞) .
❚❤❡♦r❡♠ ✸✳✷✳ ❯♥❞❡r ✭✷✳✷✮✱ ❢♦r ❛❧❧ (u0, u1, 0) ∈ V ✱
lim
t→+∞
E(u, ∂tu, ψ) = 0.
Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t A ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❝♦♥tr❛❝t✐♦♥
s❡♠✐✲❣r♦✉♣ Z(t)✳ ❆s ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ♦♥ ❛ ❞❡♥s❡ s✉❜s♣❛❝❡ ♦❢
V = D(A)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (u0, u1, 0) ✐♥ D(A2)✱ ✇❤❡r❡
D(A2) = {(v1, v2, ψ) ∈ V,A(v1, v2, ψ) ∈ V }
✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ❣r❛♣❤
‖(v1, v2, ψ)‖D(A2) = ‖(v1, v2, ψ)‖V + ‖A(v1, v2, ψ)‖V + ‖A2(v1, v2, ψ)‖V .
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✶
❋♦r ❛♥② s♦❧✉t✐♦♥ t♦ ✭✷✳✶✮✱ ✇❡ ❤❛✈❡
‖(u, ∂tu, ψ)‖D(A2) = ‖Z(t)(u0, u1, 0)‖D(A2)
= ‖Z(t)(u0, u1, 0)‖V + ‖A(Z(t)(u0, u1, 0))‖V
+‖A2(Z(t)(u0, u1, 0))‖V .
❆s A✱ A2 ❛♥❞ Z(t) ❛r❡ ❝♦♠♠✉t✐♥❣ ♦♥ D(A2)✱
‖(u, ∂tu, ψ)‖D(A2) = ‖Z(t)(u0, u1, 0)‖V + ‖Z(t)A(u0, u1, 0)‖V + ‖Z(t)A2(u0, u1, 0)‖V .
❙✐♥❝❡ Z(t) ✐s ❝♦♥t✐♥✉♦✉s ✐♥ V ✱ ✇❡ ❞❡❞✉❝❡ ❡❛s✐❧② t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t C s✉❝❤ t❤❛t
‖(u, ∂tu, ψ)‖D(A2) ≤ C‖(u0, u1, 0)‖D(A2).
❲❡ t❤✉s ❤❛✈❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✐♥ D(A2) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✇❡
❝❛♥ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ ❞❡♥♦t❡❞ ❜② Z(tk)(u0, u1, 0) ✇❤✐❝❤ ✇❡❛❦❧② ❝♦♥✈❡r❣❡s
t♦ (u∞, v∞, ψ∞) ✐♥ D(A2)✳ ◆♦✇✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② (u(tk), v(tk)) t❤❡ s❡q✉❡♥❝❡
t❤❛t ✐s ❝♦♥✈❡r❣✐♥❣ t♦ (u∞, v∞)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ D(A2)✱ (u(tk), v(tk)) ✐s ❜♦✉♥❞❡❞
✐♥ H3/2(Ω) ×H3/2(Ω) ❛♥❞ △u(tk) ✐s ❜♦✉♥❞❡❞ ✐♥ H1(Ω)✳ ■♥❞❡❡❞✱ ❛♥② (u, v) ✐♥
D(A2) s❛t✐s✜❡s
{
u ∈ H1(Ω), △u ∈ H1(Ω), u = 0 ♦♥ Γ, ∂nu|Σ ∈ L2(Σ)
v ∈ H1(Ω), △v ∈ H1(Ω), v = 0 ♦♥ Γ, ∂nv|Σ ∈ L2(Σ).
❲❡ ❝❛♥ t❤✉s ❞❡❞✉❝❡ t❤❛t (u(tk), v(tk)) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ (u∞, v∞) ✐♥H1(Ω)×
H1(Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ △u(tk) str♦♥❣❧② ❝♦♥✈❡r❣❡s ✐♥ L2(Ω) ❛♥❞ △u(tk) ❝♦♥✲
✈❡r❣❡s t♦ △u∞ ✐♥ D′(Ω)✱ △u(tk) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ △u∞ ✐♥ L2(Ω) s✐♥❝❡ t❤❡
❧✐♠✐t ✐s ✉♥✐q✉❡✳
❲❡ t❤❡♥ ❤❛✈❡ t❤❛t ∂nu(tk)|Σ str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ ∂nu∞|Σ ✐♥H
−1/2(Σ) ❛♥❞ t❤❛t
v(tk)|Σ str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ v∞|Σ ✐♥ H
1/2(Σ)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t φ(tk) str♦♥❣❧②
❝♦♥✈❡r❣❡s t♦ φ∞ ✐♥ H−1/2(Σ)✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t
s✉✣❝✐❡♥t t♦ ❤❛✈❡ t❤❛t (u(tk), v(tk), φ(tk)) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ (u∞, v∞, ψ∞)
✐♥ V ✳ ❚❤❛t ✐s ✇❤② ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ t❤❛t ❞❡✜♥❡s φ(tk) t♦ s❤♦✇ t❤❛t ✐♥









φ = ∂tu ♦♥ Σ × (0,+∞)
φ(0, x) = 0 ♦♥ Σ





❲❡ ❦♥♦✇ t❤❛t v ✐s ❜♦✉♥❞❡❞ ✐♥ H1/2(Σ)✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡✿ ❢♦r ❛♥② ξ ∈ H−1/2(Σ)✱







es−t < v, ξ >H1/2,H−1/2 ds
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✷
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢❛❝t t❤❛t v(s) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s✳ ❚❤✉s
✇❡ ♦❜t❛✐♥
| < φ, ξ >H1/2,H−1/2 | ≤ ‖v‖H1/2(Σ)‖ξ‖H−1/2(Σ)(1 − e−t)
✇❤✐❝❤ ✐♠♣❧✐❡s
‖φ‖H1/2(Σ) ≤ (1 − e−t)‖v‖H1/2(Σ).
❲❡ t❤✉s ❤❛✈❡ ♣r♦✈❡❞ t❤❛t φ(t) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ H1/2(Σ) ❛♥❞ ✇❡ ❝❛♥
t❤❡♥ ❞❡❞✉❝❡ t❤❛t φ(tk) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ φ∞ ✐♥ L2(Σ)✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ ❝♦♠♣❛❝t ✐♥❥❡❝t✐♦♥ ❢r♦♠ H1/2(Σ) ✐♥t♦ L2(Σ)✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ (u(tk), v(tk), φ(tk)) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ (u∞, v∞, ψ∞) ✐♥ V ✳
❙✐♥❝❡ t 7−→ E(u, ∂tu) ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ t❤✉s ❤❛✈❡
lim
t→+∞






= E(u∞, v∞, ψ∞).
❲❡ ❛❧s♦ ❤❛✈❡✱ ❢♦r ❛❧❧ s ♣♦s✐t✐✈❡✱
lim
t→+∞
E(Z(t+s)(u0, u1, 0)) = lim
tk→+∞
E(Z(s)Z(tk)(u0, u1, 0)) = E(Z(s)(u∞, v∞, ψ∞)).
❚❤❡♥ ✐❢ (w, ∂tw,ϕ) = Z(t)(u∞, v∞, ψ∞) ❞❡♥♦t❡s t❤❡ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✷✳✶✮✱
✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ (u∞, v∞, ψ∞) ✐♥ D(A)✱ ✇❡ ❤❛✈❡
E(w, ∂tw), ϕ = E(u∞, v∞, ψ∞) ❢♦r ❛❧❧ t ♣♦s✐t✐✈❡.
❍❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✱ s✐♥❝❡
d
dt















✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ∂tw = 0 ♦♥ Σ ❛♥❞ ϕ = 0 ♦♥ Σ✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t w ✐s


















∂2tw −△w = 0 ✐♥ Ω × [0,+∞[
w(x, 0) = u∞, ∂tw(x, 0) = v∞ ✐♥ Ω
w = 0 ♦♥ Γ × [0,+∞[
∂nw = 0 ♦♥ Σ × (0,+∞)


















∂2t z −△z = 0 ✐♥ Ω × [0,+∞[
z(x, 0) = v∞, ∂tz(x, 0) = △u∞ ✐♥ Ω
z = 0 ♦♥ Γ × [0,+∞[
∂nz = z = 0 ♦♥ Σ × (0,+∞) .
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✸
❙✐♥❝❡ ∂nz = z = 0 ♦♥ Σ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t z = 0 ✐♥ Ω× [0,+∞[✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡


















△w = 0 ✐♥ Ω × [0,+∞[
w(x, 0) = u∞ ✐♥ Ω
w = 0 ♦♥ Γ × [0,+∞[
∂nw = 0 ♦♥ Σ × (0,+∞)
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t w = 0 ✐♥ Ω× [0,+∞[ s✐♥❝❡ Ω ✐s ❝♦♥♥❡❝t❡❞✳❚❤❡ ♣❛✐r (u∞, v∞)
✐s t❤✉s ❡q✉❛❧ t♦ ③❡r♦✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❛❧s♦ ❣❡t t❤❛t ψ∞ ✐s ❛❧s♦ ❡q✉❛❧ t♦ ③❡r♦
❛♥❞ ❛ ❢♦rt✐♦r✐✱ ✇❡ ❤❛✈❡ E(u∞, v∞, ψ∞) = 0✳
❲❡ ❛r❡ ♥♦✇ ✇✐❧❧✐♥❣ t♦ ♣r♦♣♦s❡
❚❤❡♦r❡♠ ✸✳✸✳ ▲❡t (u0, u1, 0) ✐♥ V ✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ u t♦ ✭✷✳✶✮ s❛t✐s✜❡s
lim
t→+∞
(u, ∂tu, ψ) = (0, 0, 0) ✐♥ H.
Pr♦♦❢✳ ■❢ t❤❡ ♣❛✐r (u0, u1, 0) ✐s ✐♥ V ✱ ✇❡ ❦♥♦✇ t❤❛t ✭❝❢✳ ❚❤❡♦r❡♠ ✸✳✷✮
lim
t→+∞
E(u, ∂tu, ψ) = 0




(u, ∂tu, ψ) = (0, 0, 0) ✐♥ H.
✹ ❊①♣♦♥❡♥t✐❛❧ ❉❡❝❛②
❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ st✉❞② t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡♥❡r❣② ❞❡❝❛② ♦❢ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✇❤❡♥ t❤❡ ♦❜st❛❝❧❡ ✐s ❛ s♦✉♥❞✲s♦❢t s❝❛tt❡r❡r ✭u = 0 ♦♥ Γ✮✳
❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C ❛♥❞ β s✉❝❤ t❤❛t ❢♦r
❛❧❧ ✐♥✐t✐❛❧ ❞❛t❛✱
E(u, ∂tu, ψ) ≤ Ce−βtE(u, ∂tu, ψ)|t=0
✇❤❡r❡
















❚♦ ♦❜t❛✐♥ s✉❝❤ ❛♥ ✐♥❡q✉❛❧✐t②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ❛♥❞ ✐t ✐s t❤✉s
s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t
∫ T
S
E(u, ∂tu, ψ)dt ≤ CE(u, ∂tu, ψ)|t=S ✭✹✳✷✮
✇✐t❤ 0 ≤ S < T < +∞✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✹
✹✳✶ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts
▲❡♠♠❛ ✹✳✶✳ ▲❡t (u0, u1, ψ0) ∈ V ✳ ❚❤❡♥✱


















E(t) = E(u, ∂tu, ψ)(t).
Pr♦♦❢✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t E ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞
dE
dt













❚❤❡♥ ❛❢t❡r ✐♥t❡❣r❛t✐♥❣ ♦♥ [S, T ]✱ ✇❡ ❣❡t





















, ∀x ∈ Σ ✭✹✳✹✮
❛♥❞ t❤❛t Σ ✐s str✐❝t❧② ❝♦♥✈❡① s♦ t❤❛t
κ(x) > 0, ∀x ∈ Σ. ✭✹✳✺✮

























|ψ|2 dσ dt ≤ E(S)
✭✹✳✻✮












|ψ|2 dσ dt ≤ 1
α♠✐♥
E(S) ✭✹✳✼✮
Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t




































❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✺












































|ψ|2 dσ dt ≤ 1
α♠✐♥
E(S)
✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✻✳
▲❡♠♠❛ ✹✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② t ≤ S ≤ 0✱
∫
Σ
|u(t, x)|2dσ ≤ CE(S). ✭✹✳✽✮
Pr♦♦❢✳ ❚❤❡ tr❛❝❡ ♠❛♣ ❢r♦♠ H1(Ω) ✐♥t♦ H1/2(Σ) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❡ ❤❛✈❡
‖u‖2L2(Σ) ≤ C‖u‖2H1/2(Σ) ≤ C‖u‖2H1(Ω).
▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✇❤✐❝❤ ✐s
❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t
‖u‖L2(Ω) ≤ C‖∇u‖L2(Ω). ✭✹✳✾✮
❚❤✐s ✐♠♣❧✐❡s t❤❛t
‖u‖2L2(Σ) ≤ CE(t).
❲❡ ❝♦♥❝❧✉❞❡ ❡❛s✐❧② s✐♥❝❡ t 7−→ E(t) ✐s ❞❡❝r❡❛s✐♥❣✳
▲❡t m(x) ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C1(Ω̄)3✳
▲❡♠♠❛ ✹✳✹✳ ❲❡ ❤❛✈❡
[∫
Ω


























∂nu (m · ∇u) dσ dt = 0.
✭✹✳✶✵✮
Pr♦♦❢✳ ❚❤✐s ✐❞❡♥t✐t② ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ s❡✈❡r❛❧ ♣❛♣❡rs✳ ❲❡ r❡❢❡r ❢♦r ✐♥st❛♥❝❡ t♦
❬✶✸❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ r❡❝❛❧❧ ✐ts ❝♦♥str✉❝t✐♦♥✳








(m · ∇u) dx dt = 0
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✻
t❤❛t ✐s t♦ s❛② t❤❛t
[∫
Ω



















∂nu (m · ∇u) dσ dt = 0
▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ✐♥ Ω





















































∂nu (m · ∇u) dσ dt = 0,
✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳
✹✳✷ Pr♦♦❢ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❡♥❡r❣② ❞❡❝❛②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❡t m(x) = x − x0 ✇❤❡r❡ x0 ∈ RN ✭N = 2, 3 ❞❡♥♦t❡s t❤❡
s♣❛❝❡ ❞✐♠❡♥s✐♦♥✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t x0 ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t
Γ = {x ∈ ∂Ω,m.n ≤ 0} ✭✹✳✶✶✮
❛♥❞
Σ = {x ∈ ∂Ω,m.n ≥ 0}. ✭✹✳✶✷✮
❚❤✐s ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞ ✐❢ Ω ✐s st❛r✲s❤❛♣❡❞ ✇✐t❤ r❡s♣❡❝t t♦ x0✳
■♥ t❤❛t ❝❛s❡✱ ✇❡ ❦♥♦✇ t❤❛t ❞✐✈ m = N ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ s✉♣♣♦s❡
t❤❛t N = 3 ❜✉t t❤❡r❡ ✐s ♥♦ ❞✐✣❝✉❧t② t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ❢♦r N = 2✳
❚♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C t❤❛t s❛t✐s✜❡s ✭✹✳✷✮✱ ✇❡ ♦♥❧②






















❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✼










dx dt = −
[∫
Ω

























∂nu (m · ∇u) dσ dt.
✭✹✳✶✸✮
Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛ ✹✳✹✱ ✇❡ ❦♥♦✇ t❤❛t
[∫
Ω


























∂nu (m · ∇u) dσ dt = 0.
▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t
∂j (m · ∇u) = (m · ∇) ∂ju+ ∇u · ∂jm ❢♦r j = 1, 2, 3;
❛♥❞ s✐♥❝❡ m(x) = x− x0✱ ✇❡ ❣❡t















































❞✐✈ m|∇u|2 dx dt
❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ ✉s✐♥❣ t❤❛t ❞✐✈ m = 3✱
[∫
Ω



































∂nu (m · ∇u) dσ dt = 0
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✽








































∂nu (m · ∇u) dσ dt.
✭✹✳✶✹✮






























∂nuu dσ dt = 0.
✭✹✳✶✺✮






























































dx dt = −
[∫
Ω

























∂nu (m · ∇u) dσ dt,
✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✺✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❡q✉❛❧❧② ❜② C ❛❧❧ t❤❡ ❝♦♥st❛♥ts✳





















∂nu (m · ∇u) dσ dt ≤ 0.
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✶✾
Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t u = 0 ♦♥ Γ s♦ t❤❛t ∇Γu = 0 ❛♥❞ ∂tu = 0 ♦♥ Γ✳ ▼♦r❡♦✈❡r✱









































(m · n) |∂nu|2 dσ dt.





















∂nu (m · ∇u) dσ dt ≤ 0.












(m · n) |∇u|2 dσ dt ≤ CE(S).
Pr♦♦❢✳ ❙✐♥❝❡ m · n > 0 ♦♥ Σ ❜② ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡
∂nu (m · ∇u) =
√
m · n (m · ∇u) ∂nu√
m · n.
❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② R = max
x∈Σ
|m(x)|✱ ✇❡ ❣❡t






















































|∂nu|2 dσ dt ≤ CE(S).
❘❘ ♥➦ ✼✺✼✺






















































(m · n) |∇u|2 dσ dt ≤ CE(S).







(m · n) |∂tu|2 dσ dt ≤ CE(S).






















(m · n) |∂tu|2 dσ dt ≤ CE(S)





∂nuu dσ dt ≤ CE(S).
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✶




























































❙✐♥❝❡ t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❦♥♦✇ t❤❛t
∫
Σ
|u(S)|2 dσ ≤ C‖u(S)‖2H1 .
❋r♦♠ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ✭✹✳✾✮✱ ✇❡ ❣❡t t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t





















































































































































❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✷




















































































































































































































































































|ψ(T )|2 + κ
2
















dσ ≤ C (E(T ) + E(S))









dσ ≤ C (E(T ) + E(S)) .












S dσ ≤ CE(S)














∂nuu dσ dt ≤ CE(S)





























































































❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✹








✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳




E(u, ∂tu, ψ)dt ≤ CE(S). ✭✹✳✶✻✮










dx dt ≤ CE(S). ✭✹✳✶✼✮



























|ψ|2 dσ dt ≤ CE(S) ✭✹✳✶✾✮
❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✶ ✐s ❝♦♠♣❧❡t❡❞✳
❚❤❡♦r❡♠ ✹✳✶✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛❧❧ ✐♥✐t✐❛❧ ❞❛t❛
✐♥ V ✱
E(u, ∂tu, ψ) ≤ e−(t−C)/CE(u, ∂tu, ψ)|t=0 . ✭✹✳✷✵✮
Pr♦♦❢✳ ■♥ ❚❤❡♦r❡♠ ✹✳✶✶ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C
s✉❝❤ t❤❛t ❢♦r ❛❧❧ 0 ≤ S < T < +∞✱
∫ T
S
E(u, ∂tu, ψ)dt ≤ CE(u, ∂tu, ψ)|t=S .
❲❤❡♥ T ❣♦❡s t♦ +∞✱ ✇❡ ❣❡t
∫ +∞
S











❚❤❡ ♠❛♣ S 7−→ eS/C
∫ +∞
S
E(u, ∂tu, ψ)dt ✐s t❤✉s ❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ✉s✐♥❣ t❤❡ ●r♦♥✲









❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✺
❇❡s✐❞❡s✱ ✇❤❡♥ ✇❡ ❛♣♣❧② ✭✹✳✷✶✮ ❢♦r S = 0✱ ✇❡ ❣❡t
∫ +∞
0





E(u, ∂tu, ψ)dt ≤ CE(u, ∂tu, ψ)|t=0 . ✭✹✳✷✷✮
▼♦r❡♦✈❡r✱ s✐♥❝❡ E ✐s ♣♦s✐t✐✈❡
∫ +∞
S




❛♥❞ s✐♥❝❡ E ❞❡❝r❡❛s❡s
∫ S+C
S
E(u, ∂tu, ψ)dt ≥
∫ S+C
S
E(u, ∂tu, ψ)|t=S+C = CE(S + C). ✭✹✳✷✸✮
❈♦♥s❡q✉❡♥t❧②✱ ❜② ♣❧✉❣❣✐♥❣ ✭✹✳✷✷✮ ✐♥t♦ ✭✹✳✷✸✮✱ ✇❡ ♦❜t❛✐♥
eS/CE(u, ∂tu, ψ)|t=S+C ≤ E(u, ∂tu, ψ)|t=0 ,
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ t > 0
E(u, ∂tu, ψ) ≤ e−(t−C)/CE(u, ∂tu, ψ)|t=0 .
✺ ◆✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ■P❉● ♠❡t❤♦❞ t❤❛t ✇❡ ✉s❡ ❢♦r ♦✉r ♥✉♠❡r✐❝❛❧ s✐♠✲
✉❧❛t✐♦♥s t♦ t❡st t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❆❇❈s ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ✐♥ t❤✐s ✇♦r❦✳
◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❞✐s❝r❡t❡ ❡♥❡r❣② t❤❛t ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❢✉♥❝t✐♦♥❛❧ E ✳ ❲❡ ♦♥❧② ♣r❡s❡♥t t❤❡ ❝❛s❡ ♦❢ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ Γ✳
✺✳✶ ●❡♥❡r❛❧ s❡tt✐♥❣ ♦❢ t❤❡ ■P❉● ♠❡t❤♦❞
❚❤❡ ■P❉● ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹❪ ❢♦r ❣❡♥❡r❛❧ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ■t ✐s
❛ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐♥ ✇❤✐❝❤ ❛ ♣❡♥❛❧✐③❛t✐♦♥ t❡r♠ ✐s
✐♥tr♦❞✉❝❡❞ t♦ ✐♠♣♦s❡ t❤❡ ✇❡❛❦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ t❤r♦✉❣❤ ❡❛❝❤ ❡❧❡♠❡♥t
♦❢ t❤❡ ♠❡s❤✳ ❆s ❛ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ t❤❡ ■P❉● ♠❡t❤♦❞ ✐s ❛ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❤❛♥❞❧❡ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ✐♥ ✷❉ ❛♥❞ t❡tr❛❤❡❞r❛❧
♠❡s❤❡s ✐♥ ✸❉✳ ❚❤✐s ♣r♦♣❡rt② ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ♦✉r ❝❛s❡ ❜❡❝❛✉s❡ ✇❡ ❞❡❛❧ ✇✐t❤
❛r❜✐tr❛r✐❧②✲s❤❛♣❡❞ ❞♦♠❛✐♥s t❤❛t ✐s t♦ s❛② t❤❛t t❤❡ ❞♦♠❛✐♥s ✇❡ ❤❛✈❡ t♦ ♠❡s❤ ❤❛✈❡
❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ ✉s✐♥❣ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s✱ ✇❡
❣❡t ❛ q✉❛s✐✲❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ♠❛ss ♠❛tr✐① ✇❡
❤❛✈❡ t♦ ✐♥✈❡rt ✐s ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ❜② ❝♦♥str✉❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ ❜❛s✐s
❢✉♥❝t✐♦♥s ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♥s✐❞❡r ❤❡t❡r♦❣❡♥❡♦✉s ♠❡❞✐❛ ❛♥❞ t❤❡
❤♣✲❛❞❛♣t✐✈✐t② ✐s str❛✐❣❤t❢♦r✇❛r❞✳
❲❡ ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ Th ♦❢ Ω ❝♦♠♣♦s❡❞ ♦❢ tr✐❛♥❣❧❡s ❑✱ ✇❡ ❞❡♥♦t❡ ❜② Ωh t❤❡
s❡t ♦❢ tr✐❛♥❣❧❡s✱ ❜② Σ❛❜s t❤❡ s❡t ♦❢ t❤❡ ❡❞❣❡s ♦♥ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② Σ✱ ❜②
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✻
Σ❉ t❤❡ s❡t ♦❢ t❤❡ ❡❞❣❡s ♦♥ Γ ❛♥❞ ❜② Σ✐ t❤❡ s❡t ♦❢ t❤❡ ❡❞❣❡s ✐♥ t❤❡ ❞♦♠❛✐♥ s✉❝❤
t❤❛t Σ✐ ∩ (Σ❉ ∪ Σ❛❜s) = ∅✳ ❋♦r ❡❛❝❤ σ ∈ Σ✐✱ ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦
tr✐❛♥❣❧❡s t❤❛t s❤❛r❡ σ✿ ✇❡ ♥♦t❡ t❤❡♠ ❛r❜✐tr❛r✐❧② K+ ❛♥❞ K− ✳ ❲❡ ✐♥tr♦❞✉❝❡
♥♦t❛t✐♦♥s t♦ ❞❡✜♥❡ t❤❡ ❥✉♠♣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦✈❡r ❡❛❝❤ ❡❞❣❡✿




✇❤❡r❡ v+ ❛♥❞ v− r❡s♣❡❝t✐✈❡❧② r❡❢❡rs t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ v ✐♥ K+ ❛♥❞ K− ❛♥❞
ν
± st❛♥❞s ❢♦r t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r t♦ K±✳
❚❤❡ ■P❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ st❛♥❞❛r❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❬✶✱ ✶✵❪✳












ψ = ∂tu ♦♥ Σ.




v ∈ L2(Ω); v|K ∈ P kV ,∀K ∈ Th
}
, k ∈ N
❛♥❞ ♦❢ ψ ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ W kh ❞❡✜♥❡❞ ❜②
W kh =
{
W ∈ L2(Σ);w|σ ∈ P kW ,∀σ ∈ Th
}
, k ∈ N
✇❤❡r❡ P kV ✭r❡s♣❡❝t✐✈❡❧② P
k
W ✮ ✐s t❤❡ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st k ♦♥ K
✭r❡s♣❡❝t✐✈❡❧② ♦♥ σ✮✳



































































{{∇u}} [[v]] + {{∇v}} [[u]] − α [[u]] [[v]]
)
❛♥❞ α ❛ ♣❡♥❛❧✐s❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❬✶❪✳
❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t✱ t♦ ❞❡t❡r♠✐♥❡ uh ✭r❡s♣❡❝t✐✈❡❧② ψh✮ ♦♥ ❛ ❣✐✈❡♥ tr✐❛♥❣❧❡
✭r❡s♣❡❝t✐✈❡❧② ♦♥ ❛♥ ❡❞❣❡✮ ✇❡ ♥❡❡❞ Ckk+2 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭r❡s♣❡❝t✐✈❡❧② 1 + k✮
✇❤❡r❡ Ckk+2 =
(k+2)!
k!2! ✳ ❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❉● ♠❡t❤♦❞ ✇❡ ✇✐❧❧ ❤❛✈❡
N := number of triangles× Ckk+2
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐♥ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ t♦ ✐♥t❡r♣♦❧❛t❡ uh ❛♥❞
M = number of edges onΣ × (1 + k)
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✼
❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦♥ Σ t♦ ✐♥t❡r♣♦❧❛t❡ ψh✳
▲❡t ✉s ❝♦♥s✐❞❡r {vi , 1 ≤ i ≤ N} ❛ ❜❛s✐s ♦❢ V kh ❛♥❞ {wi , 1 ≤ i ≤ M} ❛ ❜❛s✐s ♦❢
W kh ✳ ❲❡ ❝❛♥ r❡✇r✐t❡ uh ❛s




Ui (t) vi (x)
❛♥❞ ψh ❛s




Ψi (t)wi (x) .





























































1 ≤ i ≤ M
































1 ≤ i ≤ N
1 ≤ j ≤ M
.
✭✺✳✸✮
❆s ❢♦r t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ✉s❡ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ♦❢ ♦r❞❡r t✇♦






















































❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✽
❘❡♠❛r❦ (a) ❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t M ✐s ❡❛s✐❧② ✐♥✈❡rt✐❜❧❡ ❜❡❝❛✉s❡ ✐t ✐s ❝♦♠♣♦s❡❞
♦❢ ❢♦✉r ❜❧♦❝❦s ♦❢ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳
(b) ■♥ ♣r❛❝t✐❝❡✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ✐♥t❡r✐♦r tr✐❛♥❣❧❡s ✭t❤❛t ✐s t♦ s❛② tr✐❛♥❣❧❡s ✇❤✐❝❤
❤❛✈❡ ♥♦ ❡❞❣❡s ♦♥ Σ✮✱ ✇❡ s♦❧✈❡
MUn+1 = ∆t2 (Fn −KUn) + 2MUn −MUn−1.
❲❡ s♦❧✈❡ t❤❡ s②st❡♠ ✭✺✳✹✮ ♦♥❧② ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❡①t❡r✐♦r tr✐❛♥❣❧❡s ✭t❤❛t ✐s t♦
s❛② tr✐❛♥❣❧❡s t❤❛t ❤❛✈❡ ❛♥ ❡❞❣❡ ♦♥ Σ✮✳
✺✳✷ ❆ ❞✐s❝r❡t❡ ❡♥❡r❣②
































































✇❤❡r❡ nbr❴ar ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦♥ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②✱ δij t❤❡
❑r♦♥❡❝❦❡r s②♠❜♦❧ ❛♥❞ κi t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦♥ t❤❡ ❡❞❣❡ i s✉♣♣♦s❡❞ t♦
❜❡ ❝♦♥st❛♥t✳
▲❡t λmax ❜❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① M−1K✳





En+1/2 ❞❡✜♥❡s ❛ ❞✐s❝r❡t❡ ❡♥❡r❣②✳
Pr♦♦❢✳ ❚♦ s❤♦✇ t❤❛t En+1/2 ❞❡✜♥❡s ❛ ❞✐s❝r❡t❡ ❡♥❡r❣②✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡






































■t ✐s ♦❜✈✐♦✉s t❤❛t En+1/2 ✐s ♣♦s✐t✐✈❡ ✐❢ M − ∆t
2
2
K✱ K ❛♥❞ CIκ ❛r❡ ♣♦s✐t✐✈❡✳ ❲❡
❦♥♦✇ t❤❛t K ❛♥❞ CIκ ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ❜② ❝♦♥str✉❝t✐♦♥✳ ▼♦r❡♦✈❡r
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✷✾
s✐♥❝❡M ✐s ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✱ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ✜rst ♠❛tr✐①
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ I − ∆t
2
4
M−1K✳ ❍❡♥❝❡✱ ✐❢ λmax ❞❡♥♦t❡s t❤❡
❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ M−1K✱ I − ∆t
2
4





Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❲❤❡♥ t❤❡ s♣❛❝❡ st❡♣ h ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥





✇❤❡r❡ αLF ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡s❤ ❛♥❞ ♦♥ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐s❛t✐♦♥
♠❡t❤♦❞✳
Pr♦♦❢✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ λmax ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛❝❡ ❞✐s❝r❡t✐s❛t✐♦♥ ❛♥❞ s❛t✐s✜❡s






❘❡♠❛r❦ ❚❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❛tr✐❝❡s M ❛♥❞ K ❛♥❞ ♥♦t
♦♥ t❤❡ ❜♦✉♥❞❛r② ♠❛tr✐❝❡s✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❆❇❈s ❞♦ ♥♦t ♣❡♥❛❧✐③❡ t❤❡ ❈❋▲✳
Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ❯♥❞❡r t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ✭✺✳✽✮✱ t❤❡ ❡♥❡r❣② En+1/2 ✐s ❞❡✲
❝r❡❛s✐♥❣✳





































































































































❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✵













































































▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ (DIκ)
T
































































































n) − (CΨn, IκΨn)] .





























❙✐♥❝❡ B ❛♥❞ Cκ, γ ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ❛♥❞ Iκ ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤







✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✶
✻ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst st✉❞② ♥✉♠❡r✐❝❛❧❧② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② t♦
❡♠♣❤❛s✐③❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❚❤❡♦r❡♠ ✭✹✳✶✷✮ ❜❡❢♦r❡ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s
♦❢ t❤❡ ❆❇❈ ✭✶✳✶✮✳
✻✳✶ ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣②
■♥ t❤✐s ♣❛rt✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❡♥❡r❣② ✭✺✳✻✮ t♦ ❝❤❡❝❦
♥✉♠❡r✐❝❛❧❧② t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✹✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡♥♦t❡❞ ❜② ❈♦♥✜❣✉r❛t✐♦♥ ✶✿ t❤❡ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ Ω1 ✭s❡❡ ❋✐❣✳ ✷✮ ✐s ❞❡❧✐♠✐t❡❞ ❜② ❛♥ ❡①t❡r✐♦r ❜♦✉♥❞❛r② Σ1
❋✐❣✉r❡ ✷✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ✶
❛♥❞ ❜② ❛♥ ✐♥t❡r✐♦r ❜♦✉♥❞❛r② Γ1✳ Σ1 ✐s ❛ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s R❡①t = 3♠ ❝❡♥t❡r❡❞ ✐♥
t❤❡ ♦r✐❣✐♥ ❛♥❞ Γ1 ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❝✐r❝✉❧❛r ♦❜st❛❝❧❡ ♦❢ r❛❞✐✉s 1♠ ❝❡♥t❡r❡❞
✐♥ t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ♣♦✐♥t s♦✉r❝❡ ✐s s❡t ❛t ✭0♠✱ 1.3♠✮ ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s ❛ s❡❝♦♥❞✲
❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ●❛✉ss✐❛♥ ✇✐t❤ ❛ ❞♦♠✐♥❛♥t ❢r❡q✉❡♥❝② ♦❢ ✶❍③✱
f = δx02λ
(





✇✐t❤ x0 = (0♠, 1.3♠)✱ λ = π2f20 ✱ f0 = 1 ❛♥❞ t0 = 1/f0✳
❲❡ ✜rst ✇❛♥t t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② ✐s ❛❝t✉❛❧❧② ❞❡❝r❡❛s✐♥❣ ✇❤❡♥
t❤❡ s♦✉r❝❡ ✐s s✇✐t❝❤❡❞ ♦✛✳ ■♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❢❛❝t t❤❛t t❤❡
❝♦♥❞✐t✐♦♥ γ ≥ κ4 ✐s ❛♥ ♦♣t✐♠❛❧ ❝♦♥❞✐t✐♦♥ t♦ ❣❡t ❛ ✇❡❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ❧❛st
♣❛rt✱ ✇❡ ❝❤❡❝❦ t❤❛t ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② t❤❛♥❦s t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧
❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
✻✳✶✳✶ ❊♥❡r❣② ❞❡❝❛②
❲❡ ✜rst ✇❛♥t t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② ❞❡✜♥❡❞ ✐♥ ✭✺✳✻✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥
t✐♠❡✳ ■♥ ❋✐❣✳ ✸✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② ❛❧♦♥❣ t❤❡ t✐♠❡
✇❤❡♥ γ = κ✳ ❲❡ s❡❡ t❤❛t t❤❡ ❡♥❡r❣② ✜rst ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t
t❤❛t ❚❤❡♦r❡♠ ✹✳✶✷ ✐s ♦♥❧② ✈❛❧✐❞ ✇❤❡♥ t❤❡ s♦✉r❝❡ ✐s s✇✐t❝❤❡❞ ♦✛✳ ❖♥❝❡ f(t) = 0✱
✇❡ r❡♠❛r❦ t❤❛t t❤❡ ❡♥❡r❣② ✐s ❝♦♥st❛♥t ❛s ❧♦♥❣ ❛s t❤❡ ✇❛✈❡ ❤❛s ♥♦t r❡❛❝❤❡❞ t❤❡
❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❡♥❡r❣② st❛rts ❞❡❝r❡❛s✐♥❣ ❛s ♣r❡❞✐❝t❡❞ ❜②
❚❤❡♦r❡♠ ✹✳✶✷✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✷
❋✐❣✉r❡ ✸✿ ❊♥❡r❣② ✈s t✐♠❡ ❢♦r γ = κ
✻✳✶✳✷ ❙t❛❜✐❧✐t② ♦❢ t❤❡ ❆❇❈
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ t❤❛t γ ❤❛s t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ κ4 t♦ ❣❡t ❛ ✇❡❧❧✲♣♦s❡❞
♣r♦❜❧❡♠✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡
❡♥❡r❣② ❢♦r γ = 0.249 ∗ κ ❛♥❞ γ = 0.25 ∗ κ✳ ■♥ ❋✐❣✳ ✹ ✭r❡s♣✳ ✐♥ ❋✐❣✳ ✺✮✱ ✇❡
r❡♣r❡s❡♥t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② ❞✉r✐♥❣ ✶ ✵✵✵ ✵✵✵ ✐t❡r❛t✐♦♥s ✇❤❡♥
γ = 0.249κ ✭r❡s♣✳ ✇❤❡♥ γ = 0.25κ✮✳ ■❢ ✇❡ ❥✉st ❧♦♦❦ ❛t t❤❡s❡ ✜❣✉r❡s✱ ✐t s❡❡♠s
t❤❛t ❜♦t❤ s❝❤❡♠❡ ❛r❡ st❛❜❧❡ ❡✈❡♥ ✇❤❡♥ γ < κ4 ✳ ❇✉t ✐❢ ✇❡ ❧♦♦❦ ❛t ❋✐❣✳ ✻ ✭r❡s♣✳
❋✐❣✳ ✼✮ ✇❤❡r❡ ✇❡ ❤❛✈❡ ♠❛❣♥✐✜❡❞ t❤❡ ②✲s❝❛❧❡ ❜② ❛ ❢❛❝t♦r 104✱ ❢♦r γ = 0.249κ
✭r❡s♣✳ ✇❤❡♥ γ = 0.25κ✮✱ ✇❡ s❡❡ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ♥♦t st❛❜❧❡ ✇❤❡♥ γ < κ4 ✳ ❚❤❡
♥✉♠❡r✐❝❛❧ t❡sts ❝♦♥✜r♠ t❤❛t κ4 ✐s ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❢♦r γ✳
❋✐❣✉r❡ ✹✿ ❊♥❡r❣② ❢♦r γ = 0.249κ ❋✐❣✉r❡ ✺✿ ❊♥❡r❣② ❢♦r γ = 0.25κ
✻✳✶✳✸ ❊①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣②
❋r♦♠ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❡♥❡r❣② ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛♥
❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ■♥ ❋✐❣✳ ✽✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
❞✐s❝r❡t❡ ❡♥❡r❣② ♦❜t❛✐♥ ✇✐t❤ γ = κ ✭❜❧❛❝❦ ❝✉r✈❡✮ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣♦♥❡♥t✐❛❧
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✸
❋✐❣✉r❡ ✻✿ ❊♥❡r❣② ❢♦r γ = 0.249κ ✲ ③♦♦♠ ❋✐❣✉r❡ ✼✿ ❊♥❡r❣② ❢♦r γ = 0.25κ ✲ ③♦♦♠
❢✉♥❝t✐♦♥ ✭❜❧✉❡ ❞❛s❤❡❞ ❝✉r✈❡✮
g(x) = 10−2exp(−0.1 ∗ (x− 11)), ✭✻✳✶✮
t❤❡ ② s❝❛❧❡ ✐s ♠❛❣♥✐✜❡❞ ❜② ✶✵✵ ✐♥ t❤❡ s❡❝♦♥❞ ♣✐❝t✉r❡ ❛♥❞ ❜② 108 ✐♥ t❤❡ t❤✐r❞ ♦♥❡✳
■t ✐s ❝❧❡❛r t❤❛t g ✐s ❛❧✇❛②s ❣r❡❛t❡r t❤❛♥ t❤❡ ❞✐s❝r❡t❡ ❡♥❡r❣② ✇❤✐❝❤ ✐❧❧✉str❛t❡s
❋✐❣✉r❡ ✽✿ ❊①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❡♥❡r❣②
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❡♥❡r❣②✳
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✹
✻✳✷ ❆❝❝✉r❛❝② ♦❢ t❤❡ ❆❇❈
◆♦✇✱ ✇❡ ✇❛♥t t♦ ❛♥❛❧②s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❆❇❈ ✭✶✳✶✮ ❝♦♠♣❛r❡❞ t♦ t❤❡
❈✲❆❇❈ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ γ✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❝❡ ❛❣❛✐♥ ❈♦♥✲
✜❣✉r❛t✐♦♥ ✶ ❛♥❞ ❛ s❡❝♦♥❞ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡♥♦t❡❞ ❈♦♥✜❣✉r❛t✐♦♥ ✷ ✭s❡❡ ❋✐❣✳ ✾✮✿
Ω2 ✐s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ ❞❡❧✐♠✐t❡❞ ❜② ❛♥ ❡①t❡r✐♦r ❜♦✉♥❞❛r② Σ2 ❛♥❞ ❜②
❛♥ ✐♥t❡r✐♦r ❜♦✉♥❞❛r② Γ2✳ Σ2 ✐s ❛♥ ❡❧❧✐♣s❡ ♦❢ s❡♠✐✲♠❛❥♦r ❛①✐s a❡①t = 6♠ ❛♥❞
s❡♠✐✲♠✐♥♦r ❛①✐s b❡①t = 3♠ ❝❡♥t❡r❡❞ ✐♥ t❤❡ ♦r✐❣✐♥✳ Γ2 ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ❡❧✲
❧✐♣s✐❝❛❧ ♦❜st❛❝❧❡ ♦❢ s❡♠✐✲♠❛❥♦r ❛①✐s a =✷♠ ❛♥❞ s❡♠✐✲♠✐♥♦r ❛①✐s b =✶♠ ❝❡♥t❡r❡❞
❋✐❣✉r❡ ✾✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✲❈♦♥✜❣✉r❛t✐♦♥ ✷
✐♥ t❤❡ ♦r✐❣✐♥✳
❚♦ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❆❇❈ ✭✶✳✶✮ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ γ✱ ✇❡ ✜rst
❝♦♠♣✉t❡ t❤❡ r❡❧❛t✐✈❡ L2✲❡rr♦r ✐♥ t✐♠❡ ❛t ❛ ❣✐✈❡♥ r❡❝❡✐✈❡r s❡t ♥❡❛r t❤❡ ❡①t❡r✐♦r
❜♦✉♥❞❛r②✳ ❚♦ ❡✈❛❧✉❛t❡ t❤✐s r❡❧❛t✐✈❡ ❡rr♦r✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥
❛t ❡❛❝❤ r❡❝❡✐✈❡r✳ ❲❡ ❞✐❞ ♥♦t ❛❝t✉❛❧❧② ❝♦♠♣✉t❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ ❜✉t ✇❡ ❝♦♠✲
♣✉t❡❞ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ✐♥ ♠✉❝❤ ❧❛r❣❡r ❞♦♠❛✐♥ t❤❛♥ Ω1 ❛♥❞ Ω2✳ ■♥❞❡❡❞✱
✇❡ ♠✉❧t✐♣❧✐❡❞ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ Σ1 ❛♥❞ Σ2 ❜② 3✳ ❚❤❡ r❡❧❛t✐✈❡ L2(x,y)([0, T ]) ❡rr♦r












✇❤❡r❡ uapp ✐s t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❛♥❞ uex ✐s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ❚❤❡ ❡rr♦r ✐s
❣✐✈❡♥ ❛❢t❡r ✻✵✵✵ ✐t❡r❛t✐♦♥s ✭✇✐t❤ ❛ t✐♠❡ st❡♣ ❡q✉❛❧ t♦ 3.6−3s✮✳
❲❡ ❝♦♥s✐❞❡r t❤r❡❡ r❡❝❡✐✈❡rs s❡t ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ✇✐t❤ ❝♦♦r❞✐♥❛t❡s (0, 2.85♠)✱
(0.7♠, 2.75♠) ❛♥❞ (1.4♠, 2.45♠) ❢♦r ❈♦♥✜❣✉r❛t✐♦♥ ✶ ❛♥❞ ❢♦✉r r❡❝❡✐✈❡rs ✇❤♦s❡
❝♦♦r❞✐♥❛t❡s ❛r❡ (6♠, 2.05♠)✱ (5♠, 2.3♠)✱ (6♠, −2.05♠) ❛♥❞ (5♠, −2.3♠) ❢♦r
❈♦♥✜❣✉r❛t✐♦♥ ✷✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜✳ ✶ ❢♦r ❈♦♥✜❣✉r❛t✐♦♥ ✶ ❛♥❞ ❚❛❜✳
✷ ❢♦r ❈♦♥✜❣✉r❛t✐♦♥ ✷✳ ❋r♦♠ t❤✐s r❡s✉❧ts✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ L2✲❡rr♦r
✐s q✉✐t❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ γ ❛♥❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ❡rr♦rs ♦❜t❛✐♥❡❞
✇✐t❤ t❤❡ ❈✲❆❇❈✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t t❤❡ ❡rr♦r ✐♥❝r❡❛s❡s ✇❤❡♥ γ ✐s ❣r❡❛t❡r t❤❛♥ κ✳
❆❝t✉❛❧❧②✱ ❢♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ γ t❤❡ ❡rr♦r ✐s ✐♥❝r❡❛s✐♥❣ ❛t ❛❧❧ t❤❡ r❡❝❡✐✈❡rs✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛r❜✐tr❛r✐❧② ❝♦♥s✐❞❡r γ = κ✳
◆♦✇✱ ✇❡ ✐♥t❡r❡st ♦✉rs❡❧✈❡s ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤♦s❡ ❡rr♦rs ✇❤❡♥ ✇❡ ♠♦✈❡ t❤❡
❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②✱ t♦ ✜♥❞ ♦✉t ✇❤❡r❡ t❤❡ ❜♦✉♥❞❛r② s❤♦✉❧❞ ❜❡ t♦ ♦❜t❛✐♥ s✉✐t❛❜❧❡
r❡s✉❧ts ✇✐t❤♦✉t ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❈♦♥✜❣✉r❛t✐♦♥ ✶✳
❲❡ ❤❛✈❡ t❡st❡❞ s✐① ❞✐✛❡r❡♥t r❛❞✐✉s R❡①t✿ 1.5♠✱ 2♠✱ 3♠✱ 4♠✱ 5♠ ❛♥❞ 6♠ ✐♥ ♦r❞❡r
t♦ ✜♥❞ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❡①t❡r✐♦r ❝✐r❝❧❡ ✇❡ s❤♦✉❧❞ t❛❦❡ t♦
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✺
(0, 2.85♠) (0.7♠, 2.75♠) (1.4♠, 2.45♠)
❝✉r✈❛t✉r❡ ✹✳✾✷ ✶✸✳✶✶ ✶✸✳✸
γ = κ4 ✹✳✾✷ ✶✸✳✶✶ ✶✸✳✸✵
γ = κ3 ✹✳✾✷ ✶✸✳✶✵ ✶✸✳✸✶
γ = κ ✹✳✽✾ ✶✸✳✶✾ ✶✸✳✸✼
γ = 3κ ✹✳✾✷ ✶✸✳✹✷ ✶✸✳✽✸
γ = 10κ ✺✳✸✸ ✶✹✳✵✹ ✶✹✳✷✷
❚❛❜❧❡ ✶✿ ❘❡❧❛t✐✈❡ L2 ❡rr♦r ✭ ✐♥ % ✮ ✲ ❙♦✉r❝❡ ✐♥ ✭✶✳✺✱✶✮ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ✶
(6♠, 2.05♠) (5♠, 2.3♠) (6♠, −2.05♠) (5♠, −2.3♠)
❝✉r✈❛t✉r❡ ✷✳✹✾ ✸✳✻✺ ✻✳✼✼ ✶✶✳✺✸
γ = κ4 ✷✳✹✾ ✸✳✻✺ ✻✳✼✼ ✶✶✳✺✸
γ = κ3 ✷✳✹✾ ✸✳✻✺ ✻✳✼✾ ✶✶✳✺✻
γ = κ ✷✳✺✵ ✸✳✻✻ ✻✳✾✸ ✶✶✳✼✺
γ = 3κ ✷✳✺✷ ✸✳✻✼ ✼✳✸✺ ✶✷✳✸✶
γ = 10κ ✷✳✻✵ ✸✳✼✹ ✼✳✽✾ ✶✸✳✶✵
❚❛❜❧❡ ✷✿ ❘❡❧❛t✐✈❡ L2 ❡rr♦r ✭ ✐♥ % ✮ ✲ ❙♦✉r❝❡ ✐♥ ✭✶✳✺✱✶✮ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ✷
♦❜t❛✐♥ ❛❝❝✉r❛t❡ r❡s✉❧ts✳
❋✐rst✱ ✇❡ s❡t t❤r❡❡ r❡❝❡✐✈❡rs ♦❢ ❝♦♦r❞✐♥❛t❡s (1.025♠, 1.025♠)✱ (1.256♠, 0.725♠)
❛♥❞ (1.4♠, 0.375♠) ♥❡❛r t❤❡ ♦❜st❛❝❧❡ ❛♥❞ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ r❡❧❛t✐✈❡ L2✲❡rr♦r ✐♥
t✐♠❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✷✮✳ ❚❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜✳ ✸✳ ❲❡
(1.025♠, 1.025♠) (1.256♠, 0.725♠) (1.4♠, 0.375♠)
R❡①t = 1.5♠ ✷✾✳✽✼ ✸✺✳✵✽ ✹✶✳✼✺
R❡①t = 2♠ ✻✳✹✾ ✶✵✳✽✹ ✶✽✳✶✼
R❡①t = 3♠ ✶✳✹✻ ✷✳✹✻ ✹✳✺✷
R❡①t = 4♠ ✵✳✾✻ ✶✳✹✷ ✷✳✵✸
R❡①t = 5♠ ✵✳✾✹ ✶✳✸✸ ✶✳✶✶
R❡①t = 6♠ ✵✳✾✸ ✵✳✽✼ ✶✳✵✼
❚❛❜❧❡ ✸✿ ❘❡❧❛t✐✈❡ L2 ❡rr♦r ✭ ✐♥ % ✮ ✲ ❙♦✉r❝❡ ✐♥ ✭✶✳✸✱✵✮ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ✶
s❡❡ t❤❛t ✇❤❡♥ t❤❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② ✐s s❡t ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ♦❜st❛❝❧❡✱
t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ ✈❡r② ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♠❛♥② r❡✢❡❝t✐♦♥s ❝♦♠✐♥❣
❢r♦♠ t❤❡ ❡①t❡r✐♦r ❜♦✉♥❞❛r②✳ ❲❤❡♥ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r② ✐s ❣r❡❛t❡r
t❤❛♥ 3♠✱ ✇❡ ♦❜t❛✐♥ s♠❛❧❧ r❡❧❛t✐✈❡ ❡rr♦rs✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✇❡ t❛❦❡ t❤❡ ❡①t❡r✐♦r
r❛❞✐✉s ❡q✉❛❧ t♦ 5♠ ♦r 6♠✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ♦❜t❛✐♥❡❞ ❛r❡ q✉✐t❡ t❤❡ s❛♠❡ ❛s ❢♦r
❛♥ ❡①t❡r✐♦r r❛❞✐✉s ♦❢ 3♠ ♦r 4♠ ❜✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡✳
❚❤❡r❡❢♦r❡ ✇❤❡♥ t❤❡ ♦❜st❛❝❧❡ ✐s ❛ ❝✐r❝❧❡ ✇❡ r❡❝♦♠♠❡♥❞ t♦ t❛❦❡ ❢♦r t❤❡ ❛rt✐✜❝✐❛❧
❜♦✉♥❞❛r② ❛ ❝✐r❝❧❡ ✇❤♦s❡ r❛❞✐✉s ✐s ❡q✉❛❧ t♦ t❤r❡❡ t✐♠❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ♦❜st❛❝❧❡✳
◆♦✇✱ ✇❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ ❛♥❛❧②s✐s ❜✉t ❧♦♦❦✐♥❣ ❛t t❤❡ ❣❧♦❜❛❧ ❡rr♦r ✐♥
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✻





















❚❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✵✳ ❋♦r ❡①t❡r♥❛❧ r❛❞✐✉s
s♠❛❧❧❡r t❤❛♥ 3♠ t❤❡r❡ ❛r❡ ❛ ❧♦t ♦❢ r❡✢❡❝t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②
❛♥❞ s♦ t❤❡ ❝♦♠♣✉t❡❞ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ ❜❡t✇❡❡♥ ✸ ❛♥❞ ✷✺%✳ ❲❤❡♥ t❤❡ ❡①t❡r♥❛❧
r❛❞✐✉s ✐s ❣r❡❛t❡r t❤❛♥ 3♠✱ ✇❡ ♦❜t❛✐♥ s♠❛❧❧ r❡❧❛t✐✈❡ ❡rr♦rs ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ s♠❛❧❧✳ ❍❡♥❝❡✱ ❝❤♦♦s✐♥❣ ❛♥ ❡①t❡r♥❛❧ r❛❞✐✉s ♦❢ 3♠
✇❤❡♥ t❤❡ ✐♥t❡r✐♦r r❛❞✐✉s ✐s ❡q✉❛❧ t♦ 1♠ s❡❡♠s t♦ ❜❡ t❤❡ ❜❡st ❝❤♦✐❝❡ t♦ ♦❜t❛✐♥ ❣♦♦❞
❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤♦✉t ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥
❜✉r❞❡♥s✳
❋✐❣✉r❡ ✶✵✿ ❘❡❧❛t✐✈❡ ❡rr♦r ❢♦r ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦ t❤❡ ♦❜st❛❝❧❡ ✲ ❈♦♥✜❣✉r❛t✐♦♥
✶
◆♦✇✱ ✇❡ ✇❛♥t t♦ ❝❤❡❝❦ ✐❢ t❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s t❤❡ s❛♠❡ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤
❡❧❧✐♣t✐❝ ♦❜st❛❝❧❡✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r s✐① ❞✐✛❡r❡♥t ❞♦♠❛✐♥s✳ ■♥ ❡❛❝❤ ❝♦♥✲
✜❣✉r❛t✐♦♥✱ t❤❡ ✐♥t❡r✐♦r ❜♦✉♥❞❛r② ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❈♦♥✜❣✉r❛t✐♦♥ ✷ t❤❛t ✐s t♦
s❛② t❤❛t t❤❡ ♦❜st❛❝❧❡ ✐s ❛♥ ❡❧❧✐♣s❡ ❝❡♥t❡r❡❞ ✐♥ t❤❡ ♦r✐❣✐♥ ✇❤♦s❡ s❡♠✐✲♠❛❥♦r ❛①✐s
a ✐s ❡q✉❛❧ t♦ 2♠ ❛♥❞ ✇❤♦s❡ s❡♠✐✲♠✐♥♦r ❛①✐s b ✐s ❡q✉❛❧ t♦ 1♠✳ ❚❤❡ ❡①t❡r✐♦r
❜♦✉♥❞❛r② ✐s ❛♥ ❡❧❧✐♣s❡ ❝❡♥t❡r❡❞ ✐♥ t❤❡ ♦r✐❣✐♥ ♦❢ s❡♠✐✲♠❛❥♦r ❛①✐s a❡①t ❛♥❞ s❡♠✐✲
♠✐♥♦r ❛①✐s b❡①t✳ a❡①t ❛♥❞ b❡①t ❛r❡ r❡s♣❡❝t✐✈❡❧② ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ a ❛♥❞
b ❜② 1.5✱ 2✱ 3✱ 4✱ 5 ❛♥❞ 6✳ ❲❡ ❤❛✈❡ s❡t t❤r❡❡ r❡❝❡✐✈❡rs ♥❡❛r t❤❡ ♦❜st❛❝❧❡ ♦❢ ❝♦✲
♦r❞✐♥❛t❡s (0.75♠, 1.4♠)✱ (2.51♠, 0.725♠) ❛♥❞ (2.8♠, 0.375♠) ❛♥❞ ✇❡ ❡✈❛❧✉❛t❡
t❤❡ r❡❧❛t✐✈❡ L2✲❡rr♦r ✐♥ t✐♠❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✷✮✳ ❚❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❛r❡
♣r❡s❡♥t❡❞ ✐♥ ❚❛❜✳ ✹✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ r❡❛❧❧② ❣♦♦❞ r❡s✉❧ts
✇❤❡♥ a❡①t ≥ 4a ❛♥❞ b❡①t ≥ 4b✳ ■❢ ✇❡ t❛❦❡ a❡①t = 6♠ ❛♥❞ b❡①t = 3♠ ✇❡ ♦❜t❛✐♥
s✉✐t❛❜❧❡ r❡s✉❧ts ❜✉t t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡♥ a❡①t = 8♠ ❛♥❞ b❡①t = 4♠
✐s ✐♠♣♦rt❛♥t✳ ◆♦✇✱ ✇❡ ✇❛♥t t♦ ❝❤❡❝❦ ✐❢ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧ts ✇❤❡♥ ✇❡ ❝♦♠✲
♣✉t❡ t❤❡ r❡❧❛t✐✈❡ L2([0, t] × Ω)✲❡rr♦r✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✶✳ ❲❡
❘❘ ♥➦ ✼✺✼✺
❆ ♥❡✇ ❢❛♠✐❧② ♦❢ s❡❝♦♥❞✲♦r❞❡r ❆❇❈s ❢♦r t❤❡ ❛❝♦✉st✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥ ✲ P❛rt ■■✸✼
(0.75♠, 1.4♠) (2.51♠, 0.725♠) (2.8♠, 0.375♠)
a❡①t = 3♠✱ b❡①t = 1.5♠ ✸✺✳✵✸ ✻✶✳✻✶ ✻✾✳✸✹
a❡①t = 4♠✱ b❡①t = 2♠ ✹✳✷✼ ✷✷✳✻✾ ✸✵✳✼✼
a❡①t = 6♠✱ b❡①t = 3♠ ✹✳✶ ✽✳✼✺ ✶✵✳✺✷
a❡①t = 8♠✱ b❡①t = 4♠ ✸✳✼✷ ✷✳✹✽ ✸✳✷✼
a❡①t = 10♠✱ b❡①t = 5♠ ✵✳✺✾ ✶✳✶✺ ✶✳✼✼
a❡①t = 12♠✱ b❡①t = 6♠ ✵✳✹✹ ✵✳✺✺ ✶✳✸✽
❚❛❜❧❡ ✹✿ ❘❡❧❛t✐✈❡ L2 ❡rr♦r ✭ ✐♥ % ✮ ✲ ❙♦✉r❝❡ ✐♥ ✭✶✳✸✱✵✮ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ✷
❞❡❞✉❝❡ t❤❛t ✐♥ s✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ s❤♦✉❧❞ t❛❦❡ a❡①t = 3a ❛♥❞ b❡①t = 3b t♦
♦❜t❛✐♥ s♠❛❧❧ r❡❧❛t✐✈❡ ❡rr♦rs ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝✐r❝✉❧❛r s❝❛tt❡r❡r✳
❋✐❣✉r❡ ✶✶✿ ❘❡❧❛t✐✈❡ ❡rr♦r ❢♦r ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦ t❤❡ ♦❜st❛❝❧❡ ✲ ❈♦♥✜❣✉r❛t✐♦♥
✷
✼ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❛ s✐♠♣❧✐✜❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆❇❈s ❝♦♥str✉❝t❡❞
✐♥ ❬✻❪✳ ❲❡ ♣r♦♣♦s❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r② ✉♥❦♥♦✇♥ s♦ t❤❛t t❤❡ ♥❡✇ ❝♦♥❞✐t✐♦♥
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